We examine the recently found equivalence for the response of a static scalar source interacting with a massless Klein-Gordon field when the source is ͑i͒ static in Schwarzschild spacetime, in the Unruh vacuum associated with the Hawking radiation, and ͑ii͒ uniformly accelerated in Minkowski spacetime, in the inertial vacuum, provided that the source's proper acceleration is the same in both cases. It is shown that this equivalence is broken when the massless Klein-Gordon field is replaced by a massive one. The fact that such an equivalence is not trivial can be also seen by the fact that it is not verified when ͑i͒ the Unruh vacuum is replaced by the Hartle-Hawking vacuum ͓1͔, ͑ii͒ the black hole is endowed with some electric charge ͓4͔ or even ͑iii͒ when the massless Klein-Gordon field is replaced by the electromagnetic one ͓5͔. A deeper understanding of why such an equivalence in the response is verified for massless Klein-Gordon fields is still lacking. While it may prove to be just a remarkable coincidence, we feel that the problem deserves further analysis.
It was recently shown that the response R S (r 0 ,M ) of a static scalar source with a radial coordinate r 0 outside a Schwarzschild black hole of mass M interacting with massless scalar particles of Hawking radiation ͑associated with the Unruh vacuum͒ is exactly the same as the response R M (a 0 )ϵq 2 a 0 /4 2 of such a source when it is uniformly accelerated in the inertial vacuum of Minkowski spacetime, provided that the source's proper acceleration a 0 is the same in both cases ͓1͔. ͑Here, q is a coupling constant.͒ Now, according to the Fulling-Davies-Unruh ͑FDU͒ effect ͓2,3͔, the inertial vacuum in Minkowski spacetime corresponds to a thermal state as seen by uniformly accelerated observers confined to the Rindler wedge. Thus, the equivalence above can be rephrased by saying that the response of a static scalar source with some fixed proper acceleration coupled to a massless scalar field is the same when it interacts either (i) with the Hawking radiation associated with the Unruh vacuum in Schwarzschild spacetime or (ii) with the FDU thermal bath in Rindler spacetime. This came as a surprise because structureless static scalar sources can only interact with zero-frequency field modes. Such modes probe the global geometry of spacetime and are accordingly quite different in Schwarzschild and Rindler spacetimes. Moreover, since the response in Schwarzschild spacetime R S (r 0 ,M ) was expected to depend on r 0 and M separately, it is striking that these parameters should combine themselves precisely so that R S (r 0 ,M )ϭq 2 a 0 (r 0 ,M )/4 2 , as found in Ref. ͓1͔. The fact that such an equivalence is not trivial can be also seen by the fact that it is not verified when ͑i͒ the Unruh vacuum is replaced by the Hartle-Hawking vacuum ͓1͔, ͑ii͒ the black hole is endowed with some electric charge ͓4͔ or even ͑iii͒ when the massless Klein-Gordon field is replaced by the electromagnetic one ͓5͔. A deeper understanding of why such an equivalence in the response is verified for massless Klein-Gordon fields is still lacking. While it may prove to be just a remarkable coincidence, we feel that the problem deserves further analysis.
In this paper we show that providing some mass to the Klein-Gordon field is enough to break the equivalence. The main technical difficulty associated with the field quantization in Schwarzschild spacetime is related to the fact that the positive and negative frequency modes used to expand the quantum field cannot be expressed in terms of known special functions. Although for massless spin-0 and spin-1 fields outside Reissner-Nördstrom black holes, the quantization of the low-energy sector admits an analytic treatment ͓1,4,5͔ ͑see also ͓6͔͒, this is not the case for massive fields, for which a numerical analysis turns out to be required. Throughout this paper, we adopt natural units in which cϭGϭបϭk B ϭ1 and spacetime signature (ϩϪϪϪ).
The Schwarzschild line element describing a black hole of mass M can be written as ͓7͔
where f (r)ϵ1Ϫ2M /r. Let us now consider a free Klein-Gordon field ⌽(x ) with mass m in this background, described by the action
where gϵdet͕g ͖. In order to quantize the field, we look for a complete set of positive-frequency solutions of the Klein-Gordon equation (ᮀϩm 2 )u lm ␣ ϭ0 in the form
where lу0, m͓Ϫl,l͔ and are the angular momentum and frequency quantum numbers, respectively. Because the Klein-Gordon equation is of second order, there will be in general two independent sets of normalizable solutions, here chosen to be incoming modes ͑i͒ from the horizon and ͑ii͒ from infinity labeled by ␣ϭI and ␣ϭII, respectively. The factor ͱ/ has been inserted for later convenience and Y lm (,) are the spherical harmonics. As a consequence, l ␣ (r) must satisfy
We note that close to and far away from the horizon we have V eff (r)Ϸ0 and V eff (r)Ϸm 2 , respectively. Thus, the frequency of the modes u lm ␣ with ␣ϭI and ␣ϭII will be constrained so that у0 and уm, respectively. Now, it is convenient to recast Eq. ͑4͒ in a Schrödinger-like form. For this purpose, we define a new dimensionless coordinate y ϵr/2M and perform the change of variable y→xϵyϩln͉y Ϫ1͉, so that Eq. ͑4͒ becomes
We can expand the scalar field operator ⌽ (x ) in terms of annihilation â lm ␣ and creation â lm ␣ † operators as usual:
where u lm ␣ (x ) are orthonormalized according to the KleinGordon inner product ͓8͔. As a consequence, â lm
Boulware vacuum ͉0͘ is defined by â lm ␣ ͉0͘ϭ0 for every ␣, , l and m ͓9͔. Now, let us consider a pointlike static scalar source lying at (r 0 , 0 , 0 ) and described by
where hϭϪ f (r) Ϫ1 r 4 sin 2 is the determinant of the spatial metric induced on the equal t time hypersurface ⌺ t and q is a small coupling constant. We will be interested in analyzing the behavior of this source, coupled to the Klein-Gordon field ⌽ (x ), via the interaction action
when it is immersed in the Hawking radiation emitted from the black hole. All the calculations will be carried out at the tree level. The total response, i.e., particle emission and absorption probabilities per unit proper time of the source, is given by
where
and is the total proper time of the source. 
͑12͒
The ␦() reflects the fact that our structureless static source ͑8͒ can only interact with zero-energy modes. By letting Eq. ͑12͒ in Eq. ͑11͒, we obtain, from Eq. ͑10͒,
with C l (r 0 )ϭq 2 (2lϩ1)ͱf (r 0 )/(2r 0 2 ). Here, we have used the summation formula for spherical harmonics ͓10͔, ͚ mϭϪl l ͉Y lm ( 0 , 0 )͉ 2 ϭ(2lϩ1)/4, the fact that l II vanishes for Ͻm and ϭ2 f 1/2 (r 0 )lim →0 ␦() ͑see Refs.
͓1͔ and ͓4͔͒.
In the Boulware vacuum, static observers see no particles at all and so n ␣ ()ϭ0. Thus, since 0l I (r 0 ) is finite for r 0 Ͼ2M ͑see below͒, it is straightforward from Eq. ͑13͒ that the response of our source vanishes in this case. ͓The precise form of 0l I (r 0 ) is only numerically available but close and far away from the horizon it can be inferred analytically from Eq. ͑15͒.͔ In the Unruh vacuum, however, this is not so. The Unruh vacuum corresponds ͓8͔ to a thermal flux radiated away from the horizon at temperature ␤ Ϫ1 ϭ1/8M ͓11͔ as measured by asymptotic static observers and hence n I () ϵ(e ␤ Ϫ1) Ϫ1 and n II ϭ0. In the presence of a background thermal bath, the absorption and stimulated emission rates will lead in general to a non-zero response. This is only possible because the thermal factor (e ␤ Ϫ1) Ϫ1 diverges as Ϫ1 /␤ when →0. Thus, in the Unruh vacuum case, on which we focus, we need a ''regulator'' to avoid the appearance of intermediate indefinite results ''0ϫϱ'' ͑for a more comprehensive discussion on the interaction of static sources with zero-energy modes, see Ref. ͓12͔͒. For this purpose, we let the coupling constant q oscillate with frequency 0 by replacing q by q 0 ϵͱ2q cos( 0 t) in Eq. ͑8͒ and taking the limit 0 →0 at the end of our calculations. The factor ͱ2 has been introduced to ensure that the time average ͉͗q 0 (t)͉ 2 ͘ t ϭq 2 since the absorption and emission rates are functions of q 2 . Other equivalent regularization procedures can be devised ͓13͔. A straightforward calculation with the oscillating source ͓4͔ gives
͑14͒
Note that only ␣ϭI appears in Eq. ͑14͒. This can be seen as reflecting the fact that the Unruh vacuum corresponds to a thermal flux of particles being radiated only from the horizon. It should be noticed, however, that the same response ͑14͒ holds when we replace the Unruh with the HartleHawking vacuum. This is so because the extra thermal flux coming from infinity in the Hartle-Hawking vacuum ͑which should be considered in addition to the one coming from the horizon͒ is composed of particles with frequency уm ͓see discussion below Eq. ͑5͔͒; i.e., this extra thermal flux is not populated with zero-energy particles which are the only ones which can interact with our source. In order to compute R S in Eq. ͑14͒, we shall evaluate 0 l I ͑with 0 →0) numerically. By using Eq. ͑6͒, it is easy to see that l I (x) has the following asymptotic forms when Ͻm:
where A l and B l are constants and ͉R l ͉ 2 ϭ1, which is calculated by using Eq. ͑15͒ in Eq. ͑6͒. For Ϸ0 it can be shown that R l ϷϪ1ϩO() ͑see ͓1͔ and ͓4͔ for a derivation in the massless case͒. Indeed, this solution describes modes that leave the horizon, ''scatter off the geometry'' and fall back to the horizon. The normalization constant A l ϭ (2) Ϫ1 is analytically obtained ͑up to an arbitrary phase͒ by demanding that the normal modes ͑3͒ be orthonormalized with respect to the Klein-Gordon inner product ͑see, e.g., Ref. ͓1͔ for details͒. B l is obtained numerically and is finite for у0. The modes l I can be obtained numerically for small /m and different l values by evolving Eq. ͑6͒ with the effective potential ͑5͒ and ''boundary conditions'' ͑15͒. The corresponding total response R S can be obtained, then, from Eq. ͑14͒. We note that the larger the value of l, the higher the barrier of the scattering potential V eff (r) ͓14͔ and therefore the main contributions come from modes with small l. How far we must sum over l in Eq. ͑14͒ to obtain a satisfactory numerical result will depend on how close to the black hole horizon the source lies. The closer to the horizon, the further over l we must sum. We have checked our numerical code for mϭ0 where the response is known analytically ͓1͔.
Our results for R S will be exhibited in comparison with the response R M obtained when our scalar source is uniformly accelerated ͑with proper acceleration a 0 ) in the usual inertial vacuum in Minkowski spacetime. R M can be equivalently computed either with respect to inertial or uniformly accelerated observers. We favor the latter here. Accordingly, we shall perform the quantization of the massive KleinGordon field in the Rindler wedge, which can be described by the line element ͓8͔
with ϪϱϽ,,x,yϽϩϱ. The corresponding Klein-Gordon orthonormalized positive-frequency modes are
where K (x) is the modified Bessel function ͓10͔, x Ќ ϭ(x,y) and k Ќ ϵ(k x ,k y ) denotes the momentum transverse to the direction of acceleration. In these coordinates, our source with constant proper acceleration a 0 will be described by j(x )ϭq␦()␦(x)␦(y). The total response is given, in this case, by
where In Fig. 1 we plot R S (a 0 ,M )/R M (a 0 ) as a function of the scalar field mass m for different a 0 's. We recall that the source's proper acceleration a 0 is a one-to-one function of its radial position r 0 : a 0 ϭM /(r 0 2 ͱ1Ϫ2M/r 0 ). We note that in general R S (a 0 ,M ) R M (a 0 ). The equivalence is only recovered when m→0.
In Fig. 2 we display how the equivalence is broken for various values of m. Here R S deviates from R M as one goes away from the horizon at a rate depending on m. Note that indeed R S approaches R M as m goes to zero. The fact that R S /R M →1 in the massive case for a 0 →ϱ could be analytically predicted from the equivalence found in the massless case as follows. On the one hand, close to the black hole horizon, the potential ͑5͒ is not significantly influenced by the mass of the field. As a consequence, in this region, massive and non-massive outgoing modes l I , which are the relevant ones in Eq. ͑14͒, behave similarly. Thus, it is expected that for sources close enough to the horizon, i.e. a 0 /mӷ1, R S should be approximately the same for massive and non-massive fields. On the other hand, it is easy to see from Eq. ͑19͒ that the same statement is true for R M . Hence the equivalence found for the massless case also implies that R S /R M →1 for massive fields as long as a 0 /m→ϱ.
We have shown in this paper that the response of a static scalar source with some fixed proper acceleration coupled to a massive scalar field is not the same when it interacts ͑i͒ with the Hawking radiation in Schwarzschild spacetime and ͑ii͒ with the FDU thermal bath in Rindler spacetime. This reinforces how unexpected was the equivalence found for the responses in the massless case, since the normal modes depend in general on the global structure of the underlying spacetime. Despite our best efforts we have found no special features in the massless Klein-Gordon field suggesting that the equivalence found in this case was to be expected. In particular, we emphasize that there is no equivalence ͓5͔ when the massless scalar particles are replaced by photons ͑which are also massless͒. Thus, any eventual explanation would have to deal not only with the mass but also with the spin of the field. A deeper understanding of this issue would be welcome. 
